Abstract. We characterize the C ⋆ -algebras for which openness of projections in their second duals is preserved under Murray-von Neumann equivalence. They are precisely the extensions of the annihilator C ⋆ -algebras by the commutative C ⋆ -algebras. We also show that the annihilator C ⋆ -algebras are precisely the C ⋆ -algebras for which all projections in their second duals are open.
Introduction
The notion of open (respectively, closed, compact) projections was introduced by Akemann as a noncommutative generalization of open (respectively, closed, compact) subsets of a topological space, and a remarkable theory of "noncommutative topology" was developed includ
If {p α } is a set of projections in a W ⋆ -algebra M, then the meet α p α is defined to be the largest projection majorized by every p α , and the join α p α is the smallest projection majorizing every p α . If N is a W ⋆ -subalgebra of M and {p α } ⊆ N, then the meet and the join defined in N are the same as the meet and the join defined in M.
The symbol ⊗ min stands for the minimum (also called spatial, or injective) C ⋆ -tensor product, and ⊗ stands for the W ⋆ -tensor product. For a locally compact Hausdorff space Ω, C 0 (Ω) := {f ∈ C(Ω) | ∀ε > 0, {ω ∈ Ω | |f (ω)| ≥ ε} is compact}. If Ω is discrete, we prefer to write c 0 (Ω) instead. Finally, for normed spaces X i indexed by a set I, their c 0 -direct sum is defined to be c 0 i∈I
Open projections and Murray-von Neumann equivalence
This section is devoted to prove the main result, Theorem 1.2, of this paper. We need the following proposition as well as several lemmas. Proof. Represent A universally on a Hilbert space H, and identify its SOT-closure with A * * . Let z ∈ A * * be a non-abelian central projection. Then it follows from [18, Lemma V. 1.7] that there exist nonzero projections p 0 , q 0 ∈ A * * such that p 0 ≤ z, q 0 ≤ z, p 0 ⊥ q 0 , and p 0 ∼ q 0 . Let v ∈ A * * be a partial isometry implementing the equivalence, that is, p 0 = vv ⋆ and q 0 = v ⋆ v. The idea now is to choose a self-adjoint a ∈ A which is SOT-close to p 0 . This gives rise to the open spectral projections corresponding to σ(a) ∩ (1/2, a ] and σ(a) ∩ [0, 1/2). These spectral projections are the projections to which we apply the assumption that openness is preserved under Murray-von Neumann equivalence. More concretely, pick η ∈ H with η = 1 such that q 0 η = η, and put ξ := vη. Then p 0 ξ = ξ and ξ = 1. By Kaplansky's density theorem we choose a self-adjoint a ∈ A with 0 ≤ a ≤ 1 such that (p 0 − a)ξ < 1/8 (hence a ≥ aξ > 7/8) and aη < 1/8. Let e 1 and e 2 be the spectral projections of a in A * * corresponding to σ(a) ∩ (1/2, a ] and σ(a) ∩ [0, 1/2), respectively. 
Since a ≤ a e 1 + 1 2 e 2 , we also have that
Now we have that
where we used Inequalities (2.2) and (2.1) in the last inequality. Let p 1 and p 2 be, respectively, the left and right support projections of e 1 ve 2 in Apart (i.e., the abelian type I part). Then z Remark 2.7.
(1) In Theorem 1.2 the ideal J is not unique in general. This is due to the arbitrariness of including commutative annihilator C ⋆ -algebras in J. There exist, however, the largest one and the smallest one. The J 0 obtained in the proof above is the smallest one (which does not contain any commutative direct summand), and the largest one includes all the atomic (= minimal nonzero) projections in A.
(2) A nonzero commutative direct summand of A * * can occur even if A has no commutative direct summand, as the following example shows.
Example 2.8. Set Ω := {0} ∪ {1/n | n ∈ Z + } ⊂ R. Then Ω is a compact Hausdorff space. SetΩ := Ω \ {0}, which is discrete. Let
Then A does not have a commutative direct summand, and J is uniquely determined to be
Appendix. Noncommutative discreteness and annihilator
Since open projections are a replacement of open sets, one can imagine that the noncommutative notion corresponding to the discrete topology, in which every singleton is open, will be that every projection is open. The following proposition suggests that this is the correct idea.
Proposition A.1. Let Ω be a locally compact Hausdorff space. Then every projection in C 0 (Ω)
* * is open if and only if Ω is discrete. In this case f ∈ C 0 (Ω) is supported on an at-most-countable subset of Ω, therefore C 0 (Ω) is an ideal in C 0 (Ω) * * , and hence C 0 (Ω) * * is the multiplier algebra of C 0 (Ω). In particular, if Ω is compact, then C 0 (Ω) (= C(Ω)) is ℓ ∞ n for some finite number n ∈ N. Proof. The "if" direction is clear since C 0 (Ω) * * = ℓ ∞ (Ω) if Ω is discrete. For the converse, if ω ∈ Ω then the characteristic function χ ω is in ℓ ∞ (Ω) which is canonically contained in C 0 (Ω) * * . By assumption χ ω is an open projection in C 0 (Ω) * * which implies that {ω} is an open set.
We need two lemmas before proceeding to the general C ⋆ -algebra case. Proof. Suppose that A is an annihilator algebra, i.e., A ∼ = is open in A * * , we shall focus our argument for the moment on a "summand" A * * n ∼ = B(H n )⊗D n for an arbitrarily fixed n ∈ I. Henceforth we consider as A * * n = B(H n )⊗D n instead of A * * n ∼ = B(H n )⊗D n for notational simplicity. Let p be any rank-1 projection in B(H n ) and put
⋆ -isomorphic to the second dual of the commutative C ⋆ -algebra C n which we shall ⋆ -isomorphically identify with C 0 (Ω n ), where Ω n is a locally compact Hausdorff space. Let q be any projection in
as well. Since p ⊗ q is open for every projection q ∈ C 0 (Ω n ) * * , Ω n is discrete by Proposition A.1. Thus we shall henceforth write c 0 (Ω n ) instead of C 0 (Ω n ). Now let χ ω be the characteristic function of a singleton {ω} ⊆ Ω n . Then χ ω is a projection in c 0 (Ω n ). Put
ω∈Ωn Cχ ω , we also get that K(H n ) ⊗ min c 0 (Ω n ) ⊆ A n , hence
Now J is an ideal in A, hence there exists a central projection z ∈ A * * such that J ⊥⊥ = zA * * . Suppose that z = 1. Then there exists n ∈ I such that (1 − z)z n = 0. Since (1 − z)z n = 0 is a central projection in A * * n , it must be of the form 1 H n ⊗ χ for some nonzero characteristic function χ ∈ c 0 (Ω n ). Thus there exists an ω ∈ Ω n such that E ω ⊆ (1 − z)A * * n , hence (1 − z)A * * n ∩ J ⊥⊥ = {0}, a contradiction. Therefore z = 1, so that J ⊥⊥ = A * * , hence Proof. Looking at its structure, an annihilator C ⋆ -algebra is unital if and only if it is finite dimensional. On the other hand, by the known structure of finite dimensional C ⋆ -algebras they are all annihilator C ⋆ -algebras.
